Introduction {#Sec1}
============

Decision making under uncertainty is typically carried out by combining an uncertainty model with a decision rule. If uncertainty is modelled by a probability measure, the by far most popular such decision rule is maximising expected utility, where one chooses the option---or makes the decision---whose expected utility with respect to this probability measure is the highest.

Uncertainty can also be modelled in various other ways though. The theory of imprecise probabilities, for example, offers a wide range of extensions of probability theory that provide more flexible modelling possibilities, such as differentiating between stochastic uncertainty and model uncertainty. The most straightforward such extension is to consider a set of probability measures instead of a single one, but one can also use interval probabilities, coherent lower previsions, sets of desirable gambles, belief functions, to name only a few.

For all these different types of uncertainty models, various decision rules have been developed, making the total number of possible combinations rather daunting. Choosing which combination of uncertainty model and decision rule to use is therefore difficult and often dealt with in a pragmatic fashion, by using a combination that one is familiar with, that is convenient or that is computationaly advantageous.

To motivate the use of a specific combination in a more principled way, one can also consider its properties. That is, one can aim to select an uncertainty model and decision rule whose resulting decisions satisfy the properties that one finds desirable for the decision problem at hand. In some cases, imposing a given set of properties as axioms can even rule out all combinations but one, thereby providing an axiomatic foundation for the use of a specific type of uncertainty model and decision rule. The famous work of Savage \[[@CR9]\], for example, provides an axiomatic foundation for maximising expected utility with respect to a probability measure.

The main contributions of this paper are axiomatic foundations for three specific decision rules that make use of imprecise probability models \[[@CR11]\]. The first two decision rules, called E-admissibility \[[@CR7]\] and maximality \[[@CR13]\], apply to a set of probability measures; they both reduce to maximising expected utility when this set contains only a single probability measure, but are otherwise fundamentally different. The third decision rule applies to sets of coherent lower previsions; it is more abstract then the other two, but includes both of them as special cases. This allows us to use our axiomatic foundation for the third rule as an intermediate step towards axiomatising E-admissibility and maximality.

To obtain our results, we make extensive use of choice functions \[[@CR4], [@CR10], [@CR12]\]: a unifying framework for studying decision making. These choice functions require no reference to an uncertainty model or a decision rule, but are simply concerned with the decisions themselves, making them an excellent tool for comparing different methods. We will be especially interested in Archimedean choice functions, because all of the decision schemes that we consider are of this particular type.

In order to adhere to the page limit constraint, all proofs are omitted; they are available in the appendix of an extended online version \[[@CR2]\].

Choice Functions and Uncertainty Models {#Sec2}
=======================================
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                \begin{document}$$A_{}$$\end{document}$. We here consider the special case where options are gambles: bounded real functions on some fixed state space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {X}$$\end{document}$. We let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}$$\end{document}$ be the set of all gambles on $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{}(A_{})$$\end{document}$ are not necessarily 'chosen'. While our mathematical results further on do not require a philosophical stance in this matter, it will become apparent from our examples and interpretation that we have the later approach in mind.

A very popular class of choice functions---while not necessarily always called as such---are those that correspond to maximising expected utility. The idea there is to consider a probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$P_{}$$\end{document}$ as well, and in calling them linear previsions \[[@CR6], [@CR13]\].

Definition 1 {#FPar1}
------------
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For any such linear prevision---or equivalently, any finitely additive probability measure---the choice function obtained by maximising expected utility is defined byIt returns the options $\documentclass[12pt]{minimal}
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However, there are also many situations in which it is not feasible to represent uncertainty by a single prevision or probability measure \[[@CR13], Section 1.4.4\]. In those cases, imprecise probability models can be used instead. The most straightforward such imprecise approach is to consider a non-empty set $\documentclass[12pt]{minimal}
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In that context, maximising expected utility can be generalised in several ways \[[@CR11]\], of which we here consider two. The first is called E-admissibility; it chooses those options that maximise expected utility with respect to at least one precise model in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}$$\end{document}$ contains only a single linear prevision, they clearly coincide and both reduce to maximising expected utility. In all other cases, however, maximality and E-admissibility are different; see for example Proposition [3](#FPar19){ref-type="sec"} in Sect. [9](#Sec9){ref-type="sec"} for a formal statement.

One of the main aims of this paper is to characterise each of these two types of choice functions in terms of their properties. That is, we are looking for necessary and sufficient conditions under which a general choice function $\documentclass[12pt]{minimal}
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A crucial intermediate step in obtaining these two results will consist in finding a similar characterisation for choice functions that correspond to (sets of) coherent lower previsions \[[@CR13]\], a generalisation of linear previsions that replaces additivity by the weaker property of superadditivity.
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That linear previsions are a special case of coherent lower previsions follows trivially from their definitions. There is however also a more profound connection between both concepts: coherent lower previsions are minima of linear ones.
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Alternatively, coherent lower previsions can also be given a direct behavioural interpretation in terms of gambling, without any reference to probability measures or linear previsions \[[@CR13], [@CR14]\].
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\mathcal {P}}$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$ a set of coherent lower previsions, any attempt at characterising the former will of course benefit from characterising the latter. A large part of this paper will therefore be devoted to the development of necessary and sufficient conditions for a general choice function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{}$$\end{document}$ to be of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\mathcal {P}}$$\end{document}$. In order to obtain such conditions, we will interpret choice functions in terms of (strict) desirability and establish a connection with so-called sets of desirable option sets. This interpretation will lead to a natural set of conditions that, as we will eventually see in Sect. [6](#Sec6){ref-type="sec"}, uniquely characterises choice functions of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\mathcal {P}}$$\end{document}$. We start with a brief introduction to desirability and sets of desirable option sets.

Coherent Sets of Desirable Option Sets {#Sec3}
======================================

The basic notion on which our interpretation for choice functions will be based, and from which our axiomatisation will eventually be derived, is that of a desirable option: an option that is strictly preferred over the status quo \[[@CR1], [@CR8], [@CR13]\]. In our case, where options are gambles $\documentclass[12pt]{minimal}
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We will impose the following three principles on desirable options, where we use '$\documentclass[12pt]{minimal}
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Theorem 2 {#FPar6}
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Strongly Archimedean Sets of Desirable Option Sets {#Sec4}
==================================================

That sets of desirable option sets can be used to axiomatise choice functions of the type $\documentclass[12pt]{minimal}
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Definition 5 {#FPar7}
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The reasoning behind this axiom goes as follows. Since $\documentclass[12pt]{minimal}
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To explain the implications of this axiom, and how it is related to lower previsions, we need a way to link the latter to sets of desirable option sets. The first step is to associate, with any coherent lower prevision $\documentclass[12pt]{minimal}
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Theorem 3 {#FPar8}
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Archimedean Sets of Desirable Option Sets {#Sec5}
=========================================
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Definition 6 {#FPar9}
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Archimedean Choice Functions {#Sec6}
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Starting from this result, we will now proceed to axiomatise maximality and E-admissibility, by combining Archimedeanity with additional axioms.

Axiomatising E-Admissibility {#Sec7}
============================
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Definition 8 {#FPar14}
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As the following result shows, mixingness achieves exactly what we need: for any coherent set of desirable option sets $\documentclass[12pt]{minimal}
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Proposition 2 {#FPar15}
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By combining this result with Theorem [5](#FPar13){ref-type="sec"}, it follows that Archimedean choice functions that are mixing correspond to E-admissibility. The next result formalizes this and furthermore shows that the converse is true as well.

Theorem 6 {#FPar16}
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Axiomatising Maximality {#Sec8}
=======================

Having axiomatised E-admissibility, we now proceed to do the same for maximality. The link with Archimedeanity is not that obvious here though, because there is no immediate connection between Eqs. ([4](#Equ4){ref-type=""}) and ([3](#Equ3){ref-type=""}). Rather than focus on how to relate these two equations, we therefore zoom in on the properties of maximality itself. One such property, which is often used to illustrate the difference with E-admissibility, is that a choice function that corresponds to maximality is completely determined by its restriction to so-called *binary* choices---that is, choices between two options.

Definition 9 {#FPar17}
------------
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Inspired by this observation, we impose binarity as an additional axiom, alongside Archimedeanity. As the following result shows, these two conditions are necessary and sufficient for a choice function $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{\mathcal {P}}^{\,\mathrm {M}}$$\end{document}$, hence providing an axiomatisation for decision making with maximality.

Theorem 7 {#FPar18}
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The formal proof of this result is rather technical, but the basic idea behind the sufficiency proof is nevertheless quite intuitive. First, for every $\documentclass[12pt]{minimal}
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An Axiomatisation for Maximising Expected Utility {#Sec9}
=================================================

As we have seen in Sects. [7](#Sec7){ref-type="sec"} and [8](#Sec8){ref-type="sec"}, mixingness and binarity have quite a different effect on Archimedean choice functions. The former implies that they correspond to E-admissibility, while the latter leads to maximality. What is intriguing though is that the set of linear previsions $\documentclass[12pt]{minimal}
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Proposition 3 {#FPar19}
-------------
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As a fairly immediate consequence, we obtain the following axiomatic characterisation of choice functions that correspond to maximising expected utility.

Theorem 8 {#FPar20}
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Conclusion and Future Work {#Sec10}
==========================

The main conclusion of this work is that choice functions, when interpreted in terms of (strict) desirability, can provide an axiomatic basis for decision making with sets of probability models. In particular, we were able to derive necessary and sufficient conditions for a choice function to correspond to either E-admissibility or maximality. As a byproduct, we also obtained a characterisation for choice functions that correspond to maximising expected utility.

The key concept on which these results were based is that of an Archimedean choice function, where Archimedeanity is itself a combination of several conditions. The first of these conditions is translation invariance; this condition is fairly simple and allows for a reduction from choice functions to sets of desirable option sets. The resulting set of desirable option sets should then satisfy two more conditions: coherence and [$\documentclass[12pt]{minimal}
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This situation can be remedied, and the axiom of Archimedeanity can be simplified, by developing and adopting a framework of sets of desirable options that allows for infinite option sets, and connecting it to a theory of choice funtions that chooses from possibly infinite option sets. Explaining how this works is beyond the scope and size of the present contribution though; I intend to report on those results elsewhere.

There is no consensus on which properties to impose on desirability; the main ideas and results are always very similar though \[[@CR1], [@CR8], [@CR13], [@CR14]\]. In particular, [$\documentclass[12pt]{minimal}
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Walley's original notion of strict desirability \[[@CR13], Section 3.7.7\] is slightly different. In his version, if $\documentclass[12pt]{minimal}
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In earlier work \[[@CR4]\], we have referred to this property as Archimedeanity. With hindsight, however, we now prefer to reserve this terminology for the property in Definition [6](#FPar9){ref-type="sec"}.

This work was funded by the BOF starting grant 01N04819 and is part of a larger research line on choice functions of Gert de Cooman and I \[[@CR3], [@CR4]\]. Within this line of research, this contribution is one of two parallel papers on Archimedean choice functions, one by each of us. My paper---this one---deals with the case where options are bounded real-valued functions. It axiomatises Archimedean choice functions from the ground up by starting from (strict) desirability principles and proves that the resulting axioms guarantee a representation in terms of coherent lower prevision. The paper of Gert \[[@CR5]\] defines Archimedeanity directly in terms of coherent lower previsions---superlinear functionals, actually, in his case---but considers the more general case where options live in an abstract Banach space; he also extends the concept of a coherent lower prevision to this more general context and discusses the connection with horse lotteries. We would like to combine our respective results in future work.
